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Abstract. Let M be an m-dimensional differentiable manifold with a nontrivial circle action S = 
{5t} tgE , St+i — St, preserving a smooth volume jj,. For any Liouville number a we construct a 
sequence of area-preserving diffeomorphisms H n such that the sequence H n o S a ° 1 converges to a 
smooth weak mixing diffeomorphism of M. The method is a quantitative version of the approximation 
by conjugations construction introduced in pQ. 

For m — 2 and M equal to the unit disc D 2 = {x 2 + y 2 < 1} or the closed annulus A = T x 
[0, 1] this result proves the following dichotomy: a £ R \ Q is Diophantine if and only if there is no 
ergodic diffeomorphism of M whose rotation number on the boundary equals a (on at least one of the 
boundaries in the case of A). One part of the dichotomy follows from our constructions, the other is 
an unpublished result of Michael Herman asserting that if a is Diophantine, then any area preserving 
diffeomorphism with rotation number a on the boundary (on at least one of the boundaries in the 
case of A) displays smooth invariant curves arbitrarily close to the boundary which clearly precludes 
ergodicity or even topological transitivity. 



1. Introduction 

We present a construction method providing analytic weak mixing diffeomorphisms on the torus 
J d = R d /Z d , d > 2, and smooth weak mixing diffeomorphisms on any smooth manifold with a 
nontrivial circle action preserving a smooth volume fi. The diffeomorphisms obtained are homotopic 
to the Identity and can be made arbitrarily close to it. 

We will effectively work either on the two torus for the analytic constructions or on the closed 
annulus A = T x [0, 1] for the smooth constructions. In the case of the torus the construction is 
exactly the same in higher dimensions and we explain in ^12.41 how the smooth construction can be 
transfered from the annulus to general manifolds with a nontrivial circle action. 

By smooth diffeomorphisms on a manifold with boundary we mean infinitely smooth in the interior 
and such that all the derivatives can be continuously extended to the boundary. 

We recall that a dynamical system (M, T, fj.) is said to be ergodic if and only if there is no nonconstant 
invariant measurable complex function h on (M, //), i.e. such that h(Tx) = h(x). It is said to be 
weak mixing if it enjoys the stronger property of not having eigenf unctions at all, i.e. if there is no 
nonconstant measurable complex function h on (M, fi) such that h(Tx) = Xh(x) for some constant 
A G C. 

The construction, on any smooth manifold with a nontrivial circle action (in particular B 2 ), of 
volume preserving diffeomorphisms enjoying different ergodic properties (among others, weak mixing) 
was first undertaken in For t £ R denote by St the elements of the circle action on M with the 
normalization St+i = St- 

Let A(M) be the closure in the C°° topology of the set of diffeomorphisms of the form h o St ° h , 
with t £ M. and h area preserving C°°-diffeomorphism of M. 

l 
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For a given a £ R we denote by A a (M) the restricted space of conjugacies of the fixed rotation S a , 
namely the closure of the set of C°°-diffeomorphisms of the form h o S a o h . 

It is easy to see that the sets A a (M) are disjoint for different a and in [2} section 2.3.1], it was 
proved for a particular manifold M that D a ^A a (M) £ A{M). We do not know if the inclusion 
remains strict on any manifold. 

Anosov and Katok proved in jl| that in A{M) the set of weak mixing diffeomorphisms is generic 
(contains a G$ dense set) in the C°° topology. Actually, it also follows from the same paper that the 
same is true in A a (M) for a G$ dense set of a £ R although the construction, properly speaking, is 
achieved in the space A(M). However, does not give a full description of the set of a for which the 
result holds in A a (M). Indeed, the flexibility of the constructions in comes from the fact that a is 
constructed inductively at the same time as the conjugations are built, that is: at step n, a n = p n /Qn 
is given, and h n is constructed that commutes with S an ; then a ra +i is chosen so close to a n that 
f n = H n S an+1 H~ l (where H n = hi o ■ ■ ■ o h n and each h n commutes with S an ) is sufficiently close 
to fn-i to guarantee the convergence of the sequence {/ n } ngN . Then step n + 1 gets started by the 
choice of h n+ \ etc... The final a is the limit of a n . By this procedure, there is no need to put any 
restrictions on the growth of the C r norms of H n since a n +i can always be chosen close enough to a n 
to force convergence. The counterpart is that the limit diffeomorphism obtained in this way will lie 
in A a (M) with a having rational approximations at a speed that is not controlled. 

Since we want to do the construction inside A a (M) for an arbitrary Liouville number a, we are 
only allowed to make use of the fact that the decay of |a n +i — a n \ is faster than any polynomial in 
q n . So we have to construct h n with a polynomial (in q n ) control on the growth of its derivatives to 
make sure that the above procedure converges. 

Recall that an irrational number a is said to be Diophantine if it is not too well approximated by 
rationals, namely if there exist strictly positive constants 7 and r such that for any couple of integers 
(p, q) we have: 

1 1 7 

\qa-p\ > — . 

q T 

In this paper we work in the restricted spaces A a {M) and prove the following for any Liouville, i.e. 
not Diophantine and not rational, frequency a: 

Theorem 1.1. Let M be an m- dimensional (m>2) differ -entiable manifold with a nontrivial circle 
action S = {<Si} t6]K , St+i = St preserving a smooth volume ijl. If a £ M is Liouville, then the set of 
weak mixing diffeomorphisms is generic in the C°° topology in A a (M). 

On M = B 2 or A, the weak mixing diffeomorphisms we will construct in A a (M) will have S a as 
their restriction to the boundary. This clarifies the relation between the ergodic properties of the 
area preserving diffeomorphisms of D 2 and their rotation number on the boundary, complementing 
the striking result of M. Herman stating that if / is a smooth diffeomorphism of the disc with a 
Diophantine rotation number on the boundary, then there exists a set of positive measure of smooth 
invariant curves in the neighborhood of the boundary, thus / is not ergodic. By KAM theory, this 
phenomenon was known to happen for Diophantine a as soon as the map / displays some twist features 
near the boundary. Herman's tour de force was to get rid of the twist condition in the area preserving 
context. To be more precise, we introduce the following 

Definition 1.2. Let M denote either B 2 or A. Given a G R, we denote by 23 a (M) the set of 
area preserving C^-diffeomorphisms of M whose restriction to the boundary (to at least one of the 
boundary circles in the case of the annulus) has a rotation number a. 
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Theorem 1.3 (Herman). Let M denote either D 2 or A. For a Diophantine a, let F £ S a (M). Then 
the boundary of M (on which the rotation number is a) is accumulated by a set of positive measure of 
invariant curves of F. 

In the case of the disc and the annulus, as a corollary of Theorems 11.11 and 11.31 we have the following 
characterization of Diophantine numbers: 

Corollary 1.4. Let M denote either D 2 or A. A number a 6 M \ Q is Diophantine if and only if 
there is no ergodic diffeomorphism f 6 H a (M). 

On M = T 2 and under a more restrictive condition on a, the method of approximation by conju- 
gations can be undertaken in the real analytic topology and with very explicit conjugations. For an 
arbitrary fixed a > 0, for any n € N, we set: 

n (0, r) = (9, r + q 2 n cos(2vrg n 0)), 
g n (9,r) = (0 + [nq°]r,r), 

K = g n ° <p n , H n = hi o • • • o h n , 

fn = Hn ° Ra n+1 ° H~ . 

Here [•] denotes the integer part of the number and Rt denote the action (9,r) — > (0 + t,r). The 
convergence of the diffeomorphisms f n is in the sense of a usual metric d p (-,-), based on the supremum 
norm of analytic functions over the complex strip of width p; see Section 12.21 for the definition. We 
will prove the following 

Theorem 1.5. Let a £ R be such that, for some 5 > 0, equation 

\a-p n /q n \ < exp(-g^ +5 ) 

has an infinite number of integer solutions p n , q n (where p n and q n are relatively prime for each n). 
Take < a < min{(5/3, 1}. Then, for all p > 0, there exists a sequence a n = p n /Qn (which is a 
subsequence of the solutions of the equation above) such that the corresponding diffeomorphisms f n , 
constructed in converge in the sense of the d p (-, -)-metric, and f = lirm^oo f n is weak mixing. 

Weak mixing diffeomorphisms, given by this theorem, are uniquely ergodic. This can be shown by 
the same method as in [0]. 

Remark 1.6. The result in Theorem ll.5l is actually weaker than what can be obtained by time change, 
e.g. the existence on T 2 of real analytic weak mixing reparametrizations of Rt(i, a ) f° r an y irrational 
a such that limsup _ ln l a p/ 1 ?! ^ q [2j H3 E3 . Indeed, such reparametrizations belong a priori to 

A a (T 2 ) (Cf. 0]). However, we included the constructions on T 2 with explicit successive conjugations 
as in (|l.ljl because the proof of weak mixing follows almost immediately from the general criteria we 
established to treat the general smooth case, and also because these constructions might be generalized 
to other manifolds where the techniques of reparametrizations are not available. 

Acknowledgments. It is a pleasure to thank Hakan Eliasson for useful comments all along the work. 
We are grateful to Raphael Krikorian for his help in the main construction of Section [3 and to Anatole 
Katok, Jean-Paul Thouvenot and Alistair Windsor for many useful conversations. We also thank the 
referee for many useful recommendations. 
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2. Preliminaries 

2.1. General scheme of the constructions. Here we give a general scheme of the construction 
of the diffeomorphisms as a limit of conjugacies of a given Liouvillean action while outlines the 
particular choices that will yield the weak mixing property for the limit diffeomorphism. Henceforth, 
M denotes either the torus T 2 or the annulus A and we consider polar coordinates (9, r) on M that 
denotes either the torus T 2 or the annulus A. By A and \x we denote the usual Lebesgue measures on 
R and on R 2 , respectively. The term "measure-preserving" will refer to the measure \x. 

For a £ R, we consider the map S a : M — > M, (9,r) i— ► (9 + a,r). The diffeomorphisms that we 
shall construct, are obtained as limits of measure preserving transformations 

/= lim /„, where f n = H n o S a +1 o H' 1 , (2.1) 

n~ >oo 

Here a n = p n /ln is a convergent sequence of rational numbers, such that \a — a n \ — > monotonically; 
H n is a sequence of measure preserving diffeomorphisms of M. In different constructions, the conver- 
gence of /„ will be meant in the C°° or real analytic category; the topology in each case is standard, 
and will be recalled in Sections 12.21 and 12.31 
Each H n is obtained as a composition 

H n = hi o ■ ■ ■ o hn, (2.2) 

where every h n is a measure preserving diffeomorphism of M satisfying 

K ° S an = S an o h n . (2.3) 

At step n, h n must display enough stretching to insure an increasing distribution of the orbits of 
H n o S an+1 o H~ . However, this stretching must be appropriately controlled with respect to \a — a n \ 
to guarantee convergence of the construction. 



2.1.1. Decomposition ofh n . In the subsequent constructions, each h n will be obtained as a composition 

h n =gn°<Pn, (2.4) 

where (f> n is constructed in such a way that Su qn o <ft n = (fr n o Si/ qn ; the diffeomorphism g n is a twist 
map of the form 

g n (9,r) = (9 + [nql]r,r), (2.5) 

for some < a < 1 that will be fixed later. The role of g n is to introduce shear in the "horizontal" 
direction (the direction of the circle action), while <p n is responsible for the "vertical" motion, i.e. 
transversal to the circle action. The choice of the shear factor nq^ will be explained in ^3.11 

In the real analytic case, (j) n will be given by an explicit formula and convergence will follow from 
an assumption on the rational approximations of a. In the smooth case, <j> n will be constructed in 
Section f5. 21 in such a way that its derivatives satisfy estimates of the type: 

[|A»<Mo < c(n,a)qW, \\D a (j)~ l \\Q < c(n,a)q$, 

where c(n, a) is independent of q n (Cf. ^2 .31 and H5.2.3l about the notations we adopt). This polynomial 
growth of the norms of (j) n is crucial to insure the convergence of the construction above and is the 
reason why it can be carried out for an arbitrary Liouville number. 
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2.2. Analytic topology. Let us discuss the topology on the space of real-analytic diffeomorphisms 
of T 2 , homotopic to the identity. All of them have a lift of type F(9, r) = (9 + fi(9, r),r + f 2 {d-, r)), 
where fi : R 2 — > R are real-analytic and Z 2 -periodic. 

For any p > 0, consider the set of real analytic Z 2 -periodic functions on R 2 , that can be extended 
to holomorphic functions on A p = {|Im0|, |Imr| < p}. For a function / in this set, let ||/||p = 
sup^p \ f(9,r)\. We define C p (T 2 ) as a subset of the above set, defined by the condition: ||/|| p < oo. 

Consider the space Diff^ of those diffeomorphisms, for whose lift it holds: fi € Cp(T 2 ), i = 1,2. 
For any two diffeomorphisms F and G in this space we can define the distance 



d p (F,G) = 

For a diffeomorphism T with a lift T(9, r 



max{ ini Wfi-gi +p\\ p }. 

1=1,2 p&li 

) = (Ti(0,r), T 2 (9,r)) denote 
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2.3. C^-topology. Here we discuss the (standard) topology on the space of smooth diffeomorphisms 
of M = T 2 , which we shall use later. The annulus is endowed with the topology in the similar way. 

We are interested in convergence in the space of smooth diffeomorphisms of M, homotopic to the 
identity, and hence having lift of type F(9,r) = (9 + fi(9,r), r + f2(9,r)), where fi : R 2 — > R are 
Z 2 -periodic. For a continuous function / : (0, 1) x (0, 1) — > R, denote 

||/|| := sup |/(z)|. 

26(0,1) X (0,1) 

For conciseness we introduce the following notation for partial derivatives of a function: for a = 
(ai, 02) G N 2 we denote \a\ := a\ + a 2 and 

d a 

a '~ dr a ^d9 a *' 

For F, G in the space Diff fc (T 2 ) of A;-smooth diffeomorphisms of the torus, let F and G be their 
lifts. For mappings F : R 2 — > R 2 denote by Fi the i-th coordinate function. Define the distances 
between two diffeomorphisms F and G as 



max{inf ||(F - G)i +p|| }, 

i=l,2 pGZ 



d fc (F,G) = max{d (F,G), ||Z) a (i^ - GOIIo | t = 1, 2, 1 < |a| < fc}. 
We shall use the metric, measuring the distance both between diffeomorphisms and their inverses: 

d k (F, G) = max{4(F, G), d k (F~\ G -1 )}. 

For M = D 2 , the Diff fe (M) topolo gies are defined in the natural way with the help of the supremum 
norm of continuous functions over the disc. 

For the smooth topology on M, a sequence of Diff oc (M) diffeomorphisms is said to be convergent 
in Diff 00 (M) , if it converges in Diff fc (M) for all k. The space Diff oc (M), endowed with the metric 

is a compact metric space, hence for any of its closed subspaces, Baire theorem holds. 
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2.4. Reduction to the case of the annulus. Let (M, §,//) denote a system of an m-dimensional 
smooth manifold with a nontrivial circle action preserving a smooth volume \i. 

We denote by F the set of fixed points of the action S. For q > 1 we denote by F q the set of fixed 
points of the map Sy q . And by dM we denote the boundary of M. Finally we let B := dMUFU q >iF q . 

Let A be the product of Lebeasgue measures on S 1 x D m-1 , Denote by 01 the standard "horizontal" 
action of S 1 on S 1 x B m_1 . We quote the following proposition of [I] that is similar to corresponding 
statements in [Tl ITT] 

Proposition 2.1. [3J proposition 5.2] Let M be an m-dimensional differentiable manifold with a non- 
trivial circle action S = {Sj} 4GlR , St+i = St preserving a smooth volume \i. Let B := 9MUFU (\JF q ). 

There exists a continuous surjective map G : S 1 x ID m_1 — » M with the following properties: 

(1) The restriction of G to the interior S 1 x B m_1 is a C°° diffeomorphic embedding; 

(2) n{G{d(^ x B m_1 ))) = 0; 

(3) G{d{& x D™- 1 )) d B; 

(4) G*(A)= W 

(5) S o G = G o R. 

We show now how this proposition allows to carry a construction as in the preceding section from 
(S 1 x B m ~\ 3?, A) to the general case (M, 8, /x). 

Suppose / : S 1 x B m_1 — > S 1 x B m_1 is a weak mixing diffeomorphism given, as above, by / = lim f n , 
f n = H n o R a o H~ l where, moreover, the maps H n are equal to identity in a neighborhood of 
the boundary, the size of which can be chosen to decay arbitrarily slowly. Then if we define the 
diffeomorphisms H n : M — > M 

H n (x) = G o H n o G~\x) for x G G(S X x B m_1 ), and 
H n (x) = x for x G ^(S 1 x 9(B m - 1 )), 

we will have that i? n oS„o -ff^ 1 is convergent in the C°° topology to the weak mixing diffeomorphism 
/ : M -» M defined by 

5 (x) = G(f(G~ 1 (x)) for x G ^(S 1 x B m_1 ), and 

= 5«(x) for x G ^(S 1 x a(B m " 1 )). 

In the sequel, to alleviate the notations, we will assume that m = 2 and will do the constructions 
on the annulus A = S 1 x [0, 1] or on the two torus T 2 . 

3. Criterion for weak mixing 

The goal of this section is to give a simple geometrical criterion involving only the diffeomorphisms 
4>n Ra n+1 ° 4>n 1 an d insuring the weak mixing property for the diffeomorphism / given by (|2.1[) - (|2.5j) 
in case of convergence. The criterion will be stated in Proposition 13.91 of ^3.61 

The following characterization of weak mixing will be used (see, for example, |1()|): / is weak mixing 
if there exists a sequence m n G N such that for any Borel sets A and B we have: 



\^Bnf- m -(A))-^BUA)\^0. 



(3.1) 
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3.1. We will now give an overview of the criterion assuming that M is the annulus T x [0, 1] and 
denoting by horizontal intervals the sets / = [0i,#2] x {f}- We say that a sequence v n , consisting 
for each n of a collection of disjoint sets on M (for example horizontal intervals), converges to the 
decomposition into points if any measurable set B can be approximated as n — > oo by a union of atoms 
in v n (Cf. p. 2|> . We denote this by v n — > e. 

The first reduction is given by a Fubini Lemma 13.31 Here we decompose B at each step n into a 
union of small codimension one sets for which a precise version of (|3.1|) is assumed to hold, see (|3.2|) . 
For each n these sets are images by a smooth map F n of a collection r/ n of horizontal intervals such 
that F n {r} n ) — > e. Lemma 13.31 shows that (|3.2|) guarantees weak mixing. 

The second step is Lemma 13.41 asserting that under an additional condition of proximity (|3.3[) 
between f™ n and / m ", it is enough to check 1J3.2J) for f n . 

Now, we take F n in the Fubini Lemma equal to H n —% o g n . Since FL n -\ in the construction only 
depends on q n -i, q n can be chosen so that ||Z)iJ n _i||o < lng n . With our choice of g n (a < 1 in (|2.5|l ) 
this implies that FL n -\ ° 9n(Vn) ~ > e if ?7n ~~ ► e is a partial partition with horizontal inetrvals of length 
less than l/(/ ra (Cf. Lemma I3.5)) . With the above observations, we are reduced to finding a collection 
Vn and a sequence m n with the property that H n —\ o g n o n o o n ^(J) is almost uniformly 

distributed in M for / G r/ n . 

The geometrical ingredient of the criterion appears in 33.51 and merely states that if a set (in 
particular 4> n o ° 0n CO) * s a l mos t a vertical line going from one boundary of the annulus to the 

other, then the image of this set by g n defined in ()2.5|) is almost uniformly distributed in M. "Almost 
vertical" is made precise and quantified in Definition 13.61 Actually, the choice of g n {a > in I2.5|) 
gives in addition that -ff n -i ° 9n of a an almost vertical segment will be almost uniformly distributed 
in M, since we impose that ||Di? n _i||o < lng n . 

In conclusion, the criterion for weak mixing (Proposition I3.9|) roughly states as follows: Let / be 
given by (|2. 1(1 - 1)2.51) . If for some sequence m n satisfying the proximity condition (|3.3|) between /™ n 
and / m ™, there exists a sequence r\ n — > e consisting of horizontal intervals of length less than l/q n 
such that the image of / € r\ n by </> n o R an+1 ° (pn 1 is increasingly almost vertical as n — > oo then the 
limit diffeomorphism / is weak mixing. 

3.2. A Fubini Lemma. 

Definition 3.1. A collection of disjoint sets on M will be called partial decomposition of M. We say 
that a sequence of partial decompositions v n converges to the decomposition into points (notation: 
v n e) if) given a measurable set A, for any n there exists a measurable set A n , which is a union of 
elements of v n , such that linin^oo fi(AAA n ) = (here A denotes the symmetric difference). 

In this section we work with M = T 2 or M = A. For these manifolds we formulate the following 
definition. 

Definition 3.2. Let r) be a partial decomposition of T into intervals, and consider on M the decom- 
position rj consisting of intervals in fj times some r G [0,1]. Decompositions of the above type will 
be called standard partial decompositions. We shall say that v is the image under a diffeomorphism 
F : M — > M of a standard decomposition n (notation: v = F(n)), if 

u = {T = F(I) \ I en}. 

Here we formulate a standard criterion for weak mixing. The proof is based on the application of 
Fubini Lemma. 
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Lemma 3.3 (Fubini Lemma). Let f be a measure \x "preserving diffeomorphism of M . Suppose that there 
exists an increasing sequence m n of natural numbers, and a sequence of partial decompositions u n — > e 
of M, where, for each n, v n is the image under a measure-preserving diffeomorphism F n : M — > M 
of a standard partial decomposition, with the following property: for any fixed square A C M and any 
e > 0, for any n large enough we have: for any atom T n £ v n 

An(r„ fl r mn (A)) - X n (TMA)\ < e\ n (T n )n(A), (3.2) 

where X n = F*{X). 

Then the diffeomorphism f is weak mixing. 

Proof. To prove that / is weak mixing, it is enough to show that for any square A and a Borel set B 

\n(Bnr m "(A))-^(BMA)\^o 

when n — > oo. In the case of the annulus, is even enough to show this for any square A that is strictly 
contained in the interior of A. By assumption, for any n we have: X n (T n ) = X n (F n (I n )) = X(I n ). 
Then 

A„(r n n f~ m -(A)) = x n (F n (i n n F~ x o r m -{A))) = X(i n n F~ l o r m -(A)). 

By ((221), this im p! 

les: 

\X(I n n F~ l o r m -{A)) - X(I n )fi(A)\ < eX(I n )n(A). 

Take any Borel set B C T 2 . Since v n — > e, for any e, for fixed A and B, there exists n and a 
measurable set B = Ui ea T l n (T^ are elements of u n , and a is an appropriate index set) such that 

\n(BAB)\ < en{B)n{A). 

Consider B = F~^{B) (it is also measurable since F n is continuous). Then 

B = [jF~\r i n ) = [jr n := (J (J r n (y)x{ y }. 



We estimate: 



HBnf- m -(A))-^BMA)\ 

= HF-\B) n F~ l o f- m -(A)) - ^{B)^A)\ 

< \fx(B n F- 1 o f~ m -{A)) - fi(B)^A)\ + 2Efi(B)»(A) 

J ° iear(y) 

+ 2£fj,(B)/j,(A) < 3efi(B)n(A). 



□ 



3.3. Reduction from / to /„. 



Lemma 3.4 (Reduction to f n ). If f is the limit diffeomorphism from \2.1\) . and the sequence m n in 
the latter lemma satisfies 

do(f mn J^)<^, (3.3) 
then we can replace the diffeomorphism f in the criterion by f n : 
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An(r„fVn m "04)) " A„(r n )/x(A)| < e\ n (T n )fi(A), (3.4) 
and the result of Lemma VJ.'Jl still holds. 

Proof. Let us show that the assumptions of this lemma imply (|3.2j) . Fix an arbitrary square A C M 
and e > 0. 

Consider two squares, A\ and A 2 , such that 

4cic A 2 , /i(AAAj) < £ -n{A). 
Moreover, if n is sufficiently large, we can guarantee that 

di S t(dA,dAi) > i r , 

(where dist (A, B) = m.{ x& A,y&B \x — y\, and dA denotes the boundary of A), and 

A n (r n f|/- m "(^)) - A n (r„H^)| < |A n (r n ) M (Ai). 

By (13. 3j) . for any x the following holds: f™ n (x) G Ai implies f mn (x) G -A, and f mn (x) G A implies 
fn n ( x ) S A 2 . Therefore, 

An(r„ n /" m "(Ai)) < A n (r n n r m -(A)) < x n (r n n f- m -(A 2 )), 

which gives the estimate: 

l - 1) A n (r„M^i) < A n (r n n r m -{A)) < (1 + |) A n (r„)^(A 2 ), 

implying (|3.2|) . □ 

3.4. Reduction from /„ to h n o R an+1 o h~ . The following is a technical lemma that will allow us 
to focus in the sequel only on the action of h n o R™" +1 ° h~^~ (more specifically on g n o 4> n o 
in order to get (|3.4jk 

Lemma 3.5. Let r) n be a sequence of standard partial decompositions of M into horizontal intervals of 
length less or equal to l/q n , let g n be defined by (|g.,5j) with some < a < 1, and let H n be a sequence 
of area-preserving diffeomorphisms of M such that for all n 

||ZAff„,_i|| < lng n . (3.5) 

Consider partitions v n = {T n = H n _ig n (I n ) \ I n G ij n }. 
Then rj n — > e implies v n —*e. 

Proof. Let a < a 1 < 1, and consider a partition of the annulus into squares S nt i of side length 
between q~ u ' and 2q~ a ' . Since rj n — > e, we have for e > arbitrarilly small, if n is large enough, 
IJ,(Ui£ Vn I) > 1 — e, so that for a collection of atoms S with total measure greater than 1 — y/e we have 
li(Ui<z Vn I fl S) > (1 — y/e)/j,(S). Since a' < 1 and any / G r\ n has length at most l/q n , we have for the 
same atoms S as above n(Uj eVn j c s) > (1 — 2y / e)^(5) if n is sufficiently large. 

Consider now the sets C nj i = H n -\g n {S n) i). In the same way as the squares S n> i, a large proportion 
of these sets can be well approximated by unions of elements of v n . But by (|3.5|) . we have: 

diam(C ni j) < \\DH n ^i\\ \\Dg n \\ diaxn(S nii ), 
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which goes to as n — > oo. Therefore, any Borel set B can be approximated by a union of such sets 
C n ,i with any ahead given accuracy, if n is sufficiently large, hence B gets well approximated by unions 
of elements of u n . □ 

3.5. Horizontal stretch under g n . We shall call by horizontal interval any line segment of the form 
I x {r}, where I is an interval on the #-axis. Vertical intervals have the form {6} x J where J is an 
interval on the r-axis. Let 7r r and itq denote the projection operators onto r and 6 coordinate axes, 
respectively. 

The following definition formalizes the notion of "almost uniform distribution" of a horizontal 
interval in the vertical direction. 

Definition 3.6 ((7, 5, e)-distribution). We say that a diffeomorphism $ : M — > M (7, 5, e)-distributes 
a horizontal interval I (or is (7, 5, e)-distributed), if 

• 7[>($(I)) is an interval J with 1 — S < A(J) < 1; 

• is contained in a "vertical strip" of type [c, c + 7] x J for some c; 

• for any interval J C J we have: 



A(ln $ -1 (T x J)) A(J) 



" £ A(J) • (3 - 6) 



A(I) A(J) 

We shall more often write the latter relation in the form 

|A(I n $ -1 (T x J))A(J) - A(/)A(J)| < eA(/)A(J). 

Lemma 3.7. Lei g n 6e a diffeomorphism of the form \2. 5\) with some fixed < a < 1. Suppose that a 
diffeomorphism <3? : M — > M (7 ^,5, e)- distributes a horizontal interval I with 7 = l/(ng^), <5 = 
e = 1/n. Denote 7T r ($(I)) 6y J. 

T/ien /or are?/ square S of side length q~° ' , lying in T x J it holds: 

|A(/ n dr 1 o g-HS^XiJ) - X(IMS)\ < 8/nX(I)^(S). (3.7) 

Lemma 13.71 asserts that, if a diffeomorphism $ "almost uniformly" distributes / in the vertical 
direction, then the composition of $ and the affine map g n "almost uniformly" distributes / on the 
whole of M. 

To prove Lemma 13.71 we shall need the following preliminary statement: it says that g n "almost 
uniformly" distributes on M any sufficiently thin vertical strip. 

Lemma 3.8. Suppose that g : M — > M has a lift 

g(9, r) = {9 + br, r) for some b £ Z, |6| > 2. 

For an interval K on the r-axes, \{K) < 1, denote by K c ^ a strip 

K ca := [c, c + 7] x K. 

Let L = [hjfo] be an interval on the 6 -axes. If b\(K) > 2, then for 

Q :=ir r {K c>1 r\g- x {L x K)), 

it holds: 

\\{Q) - \{K)\(L)\ < y\(K) + ^ + h.. 
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Proof. By definition, Q = {r G K \ 3d G [c, c + 7] : 9 + br G [h, l 2 ]}. Then 

Q = {r €K\ br£ [h - 7j l 2 ] - c}. 

To estimate A(Q), note that the interval bK (seen as an interval on the real line) intersects not more 
than b\(K) + 2 intervals of type [i, i + 1], i G Z, on the line, and not less than b\{K) — 2 such intervals. 
Hence, 

A(Q) < (bX(K) + 2) ( ^ l)+7 = A(K)A(L) + 7 A(K) + ^ + 

The lower bound is obtained in the same way. □ 

Proof of Lemma \37/\ Let S be a square in T x J of size q~ a x Denote TTg(S) by Sg, ir r (S) by SV- 
In these notations, A(<SV) = \(Sq) = g" ", and X(Sg)X(S r ) = fi(S) = g^ 2cr . 

Let us study what part of is sent by g n into S. Since is contained in a strip [c, c+7] x J for 
some c, by assumption, and g n preserves horizontals, this part lies in K ca := [c, c + 7] x S r . Denoting 
So by [si, S2], define a "smaller" rectangle S\ C S: S\ = [s% + 7, S2 — 7] X S r (in our assumptions, 27 
is much less than X(Sg), so this rectangle is non-empty). Consider two sets: 

Q:=i: r {K c ^r\g- l {S)), Qi := n r {K ca n ^Vi))- 

Then we have: 

$(/) n (T x Qi) c $(/) n g-\S) C $(/) n (T x Q). (3.8) 

The second inclusion is evident, the first one comes from the fact that g n preserves lengths of horizontal 
intervals. 

Lemma 13.81 permits us to estimate X(Q) and X(Qi). Indeed, to estimate the former one, apply 
Lemma l3~8l with b = [nq%], 7 = (nq^) -1 , K = S r , and L = Sq. We get: 

X(S r ) , 2X(S e ) , 2 ^4 

In the same way, applying Lemma with the same b, 7, if as above and L = itqSi = [s% + 7, S2 — 7] , 
we get the same estimate (for large n): 

|A(Qi)-At(5i)|<-MS). 

n 

In particular, this implies A(Q) < 2fi(S), and A(Qi) < 2/x(5). 

Both Q an d Qi are finite unions of disjoint intervals. Then, using (|3.6|) with e = — (which was the 
assumption of the present lemma), we have: 

|A(I n <S>-\T x Q))A(J) - A(/)A(Q)| < -A(/)A(Q) < -A(i>(S), 

n n 

and the same estimate holds for Q\ instead of Q. The last preliminary estimates are: 
|A(I n ^(T x Q))A(J) - X(I)fi(S)\ < 
|A(J n $- x (T x Q))A(J) - A(J)A(Q)| + A(/)|A(Q) - fi(S)\ 

< 1 a(IMS) + -A(I)/z(S) = -A(I)/i(5); 
n n n 

and, in the same way, (noting that //(£) — fi{S\) = ^(5)), one estimates 

|A(7 n *-!(T x Q 1 ))X(J) - X(I)n(S)\ < -X(I)fx(S). 

n 



\X(Q) - n(S)\ < + + = — T < ~n(S). 
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Now relation 1)3. 8 J) , together with the preliminary estimates above, gives the desired conclusion: 

n®- 1 o g -\s))\(J) - \(I)V(S)\ 
< max{|A(/ n $ _1 (T x Q))A(J) - A(i>(S)|, 

|A(J n x Qi))A(J) - A(i>(S)|} < -X{I)fi(S). 

n 

□ 

3.6. Criterion for weak mixing. We can now state the following 

Proposition 3.9 (Criterion for weak mixing). Assume that f n = H n o R an+1 o H^ 1 is a sequence of 
diffeomorphisms constructed following 12. 2]) . 12. \2.J$ and 12. 5\) with some < a < 1/2, and that 
for all n \3. 5|) holds. 

Suppose that the limit lim f n = f exists. If there exist a sequence m n satisfying k3. .9)) and a 

n^oo 

sequence of standard partial decompositions % of M into horizontal intervals of length less than l/q n 
such that 

(1) T] n ^ e, 

(2) for any interval I n S rj n , the diffeomorphism 

(— -, -)- distributes the interval I n , 
i/ien t/ie Zimii diffeomorphism f is weak mixing. 

Proof. We use Lemma l3~H to prove weak mixing. Consider partitions v n = {T n = H n _\ og n (J n ) \ I n G 
r] n }, and let A n = (iJ n -i ° 9n)*X. By Lemma 1331 f n converges to the decomposition into points. 

Let an arbitrary square A and e > be fixed. In order to be able to apply Lemma 13.41 it is left to 
check condition |[3J) for any T n E u n , with /™" = H n o S^ +1 o H' 1 = F n _i o # n o $ n o g,- 1 o iJ"^. 
By assumption (2) of the present lemma, for all I n G r/ n , 7T r ($„(J n )) D [— 1/n, 1 — 1/n]. Let 5 n be a 
square of side length q~ a , S n cTx [—1/n, 1 — 1/n]. Consider 

C n := H n _i(S n ). 

Assumption (2) permits to apply Lemma 13.71 Then we have (estimating < 2): 

|A n (r n n /~ m "(c„)) - A n (r n )u(c n )| 

= \X(I n n S" 1 o g- 1 ^)) - A(I n ) M (S n )| 

< |A(J„ n f- 1 o 5 - 1 (5 n ))A(J) - A(J n ) M (5n)| + (1 ~^ J)) A(J ra )/x(S w ) 

Q o 18 

< 2-A(/ n )//(5 n ) + -A(/„)/i(S„) = — A n (r n )u(C n ). 

n n n 

By ()3.5|) . we have for n sufficiently large diam(C n ) < [|Z)(H n _i)[|o diam (S n ) < ^r. Hence, for n 
large enough, one can approximate A by such sets C n lying in T x [1/n, 1 + 1/n]. More precisely, for 
n large enough, there exist two sets, which are unions of sets C n : A\ = U ai C n , A2 = U a2 C n such that 

AiCTx [l/n,l - 1/n], A\ ciflTx [1/n, 1 - 1/n] C A 2 , 
| M (A)-/x(A)|<|/i(^). 
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Take n so that ^ < |. Then we can estimate: 

A n (r n n fn mn {A)) - \ n (T n )p(A) < X n (T n n f- m "(A 2 )) - X n (T n )p(A 2 ) + 
|A„(r n )/i(A) < e -\ n {T n )ii{A 2 ) + e -\ n {T n )^{A) < e\ n (T n )p(A). 

The lower estimate for this difference is obtained in the same way (using Ai). We have shown that, if 
n is sufficiently large, for an arbitrary T n G v n (|3,4j) holds. Then, by Lemma [3.41 / is weak mixing. □ 

4. Analytic case on the torus T 2 . 

This section is devoted to the analytic construction on the torus T 2 . We recall the notations of the 
Theorem 11.51 that we want to prove. For an arbitrary fixed a > 0, for any n G N: 

<j) n (9, r) = (9,r + q\ cos(27rg n #)), 

g n (6,r) = (e + [nq°}r,r), 

K = 9n ° 4>n, H n = hi o • • • o h n , 
f n = H n o Ra n+1 O H~ . 

4.1. Proof of convergence. Let a, 5 and a be as in the statement of Theorem II. 51 and let p > be 
fixed. Let a n = p n /q n be a sequence such that \a — a n \ is decreasing and 
(PI) For all n G N, 

\a - a n \ < exp(-ql +3a ). 

By eventually extracting from a n we can assume that this sequence also has the following properties: 

(P2) Denote the lift of the inverse of the diffeomorphism H n from (J4.1|) by ((H~ )i, (H~ 1 ) 2 ), and 
set 

p n :=maxinf IK-ff" 1 ), +p\\ P , Po ■= P- 

i=l,2 pG/ 

Then for all n G N, 

<>4vrn /0n _ 1 +ln(87rn<+ 4 ). 

(P3) With the definition of ||Di7||p of Section 12.21 we have for all n G N, and for all t such that 
\t — a\ < \a n — a\, 

q n > WDiH^RtoH-^Wp. 

(P4) For all n G N 

PC^n-OHo <lnq n . 

Properties (P2)-(P4) are possible to guarantee by choosing q n sufficiently large because if n _i does 
not depend on q n . 

The first three properties are used to prove the convergence, and the latter one is estimate ()3.5|) . 
needed for the proof of weak mixing of the limit diffeomorphism, which will be done with the help of 
Proposition 13.91 

The following statement implies the convergence of the sequence f n . 

Lemma 4.1. Suppose a n = ^- satisfies (P1)~(P3) for some fixed a > and p > 0. Then, for any n 
large enough, we have: 

(a) the diffeomorphisms defined by \4-l\ ) satisfy: 

dp{fn,fn-i) < exp(-g n ); 
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(b) for any m < q n +i it holds: 

Proof. With the notations above, using the Mean value theorem and (P3), we have (for some t between 
a n and a n+ i): 



(4.2) 



(4.3) 



d P (f n , fn-i) < \\(DH n ^)R t o H-\\\ p \\(h n o R an+1 o h" 1 - R an ) o H^. x \\ p 

< q n \\h n O R an+1 O h' 1 - RctnWpn-i- 

Denote (cos2irq n (z + a n+ \) — cos2irq n z) by R(z). For an arbitrary s > 0, we can write: 

\\R\\s <\\e 2wiqnZ \\ s \l - e 2wiq " an+1 \ < 2Trq n \\e 27riqnZ \\ s \a n+1 - a n \ 
< 4irq n \\e 27TiqnZ \\ s \a-a n \, 

(we used the estimate \a n+ \ — a n \ < 2\a — a n \). By the definition of h n , 

K O Ra n+1 O K 1 ~ Ra n = (Nn]<?n#(# ~ NnW + («n+l ~ , (&R(& ~ 

Then 

\\K o Ra n+1 o K l - R a J s < 2nq 2 +°\\R(e - [nq°]r)\\ s . 

By (j4.3j) . it is less than 

^nql +(T \\ exp(27riq n (9 - [nq a n ]r))\\ s \a - a n \. (4.4) 
Applying (|4.2I) . (|4.4j) . (P2) and (PI) in sequence, we get: 

dp(fn,fn-l) <q n \\h n ° Ra n+1 ° h^ 1 - R an \\ Pn _ 1 

<87rng^ +CT exp(47rng^ +cr / o ra _i)|a — a n \ < exp(^ +2cr )|a — a n \ 
<exp(^+ 2CT (l - ql)) < exp(-^+ 2CT ) < exp(-q n ). 

The second part of the claim is proved in the same way. One has to note that f™ = fcn°S'™ +1 o/i n ; 1 = 
K ° Rma n+1 ° h' 1 , and 

oo 

rfo(r,o=E d o(/r,/^i)- 

j=n 

□ 

4.2. Proof of weak mixing. For the proof of weak mixing, we shall use Proposition 13.91 that was 
proved in the previous section. In order to apply the lemma, we choose a sequence (m n ), m n < q n +i 
(in this case, by Lemma H~T1 (b). ()3.3|) holds), and a sequence of standard partial decompositions (%) 
consisting of horizontal intervals with length less than l/q n , T] n — > e, such that the diffeomorphism 

$n:=^ofl^ +i o^ (4.5) 
(^,0, ^-distributes any interval I n G rj n . 
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4.2.1. Choice of the mixing sequence m n . We shall assume that 

Qn+l > ql- 

Define 



m. 



min \ m < q n+ \ | inf 



m Wn+l _ 1/2 + k 
Qn+l 



< 



Qn+l 



Note that the set of numbers m above is non-empty. Indeed, since p n +i and g n +i are relatively prime, 

the set \j qnPn+1 I 7=0,... q n +i \ on the circle contains / -,^ n ^" +1 t 5 which is at least 3^±1 different 

equally distributed points. 

We shall use the following estimate, which follows from the above assumption on the growth of q n : 



\m n q n a n+1 - l/2|(mod 1) < 



< 



Qn+l 



(4.6) 



4.2.2. Stretching of the diffeomorphisms <3? n . Consider the set 

2<?n 



U 

k=0 



k 
2q n 



1 



k 1 

+ 



2qT ' 2 Qn 2q[ 



3/2 



(4.7) 



We shall see that <& n displays strong stretching in the vertical direction on small horizontal intervals, 
lying outside B n . To do this, we shall use the notion of uniform stretch from [3], which we recall here. 

Definition 4.2 (Uniform stretch). Given e > and k > 0, we say that a real function / on an interval 
I is (e, /c)-uniformly stretching on / if for J = [inf/ /, sup^ /] 



A(J) > k, 



and for any interval J C J we have: 



x(inf-\J) A(J) 



A(I) 



A(J) 



< e 



A(J) 
AO/)" 



The following criterion, that is easy to verify, gives a necessary and sufficient condition for a real 
function (of class at least C 2 ) to be uniformly stretching. The proof can be found in [Hj. 

Lemma 4.3 (Criterion for uniform stretch). If f satisfies: 

mf|/'0z)|A(/) > k, 

sup|/"0r)|A(/) < einf|/'(x)|, 
xei 1 

then f is (e,k) -uniformly stretching on I. 
Lemma 4.4. Under the conditions of Theorem \1.5l the transformation has a lift of the form: 

®n(0, r) = (9 + m n a n+1 , r + ip n (9)), 

where ifj n satisfies: 

sup K| < 97r 2 q n 4 . (4.8) 



At Kl - q 



5/2 
n i 
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Proof. By definition, <£ n has the desired form with 

V>n = <7n( cos ( 27r (<?n# + rn n q n a n+x )) - cos(2vrg n 69) = -2q 2 cos(2tt q n 0) + a n , 

where 

a n = ql(cos(2ir(q n 6 + m n q n a n+ i)) - cos(2ir(q n 6 + 1/2))). 
With the help of the Mean value theorem and estimate Q4.6J) . one easily verifies that \a' n \ < 1, and 

K\<i. 

Note that B n are chosen in such a way that 

inf |sin(27r<7 n 0)| >q~ 1/2 . 

T\-B n 

The statement follows by calculation. □ 

4.2.3. Choice of the decompositions r\ n . Let us define a standard partial decompositions 7] n of T 2 , 
meeting the conditions of Proposition 13.91 

Let fj n = {I n } be the partial decomposition of T \ B n , containing all the intervals I n such that 

^„(J«) = [0,1) modi. 

We define rj n = {I x {r} | / G %, r G T}. Note that, for any I n G r/ n , we have: 7r r (<3?(/ n )) = T. 
Lemma 4.5. Let rj n be defined as above. Then, for any I n G r/ n , 

Kin) < q~ 5/2 , 

and rj n — > e. 

Proof. By Lemma 03J inf T \ Bn \ip' n \ > qf/ 2 . Therefore, X(I n ) < <^ 5/2 for any I n G r\ n . 

Since the diameter of the atoms of rj n goes to zero when n grows, it is enough to show that the 
total measure of the decompositions goes to 1 when n grows. The total measure of rj n equals: 

V A(J n ) < 1 - \{B n ) - Aq n max X(I n ) 
< 1 - 2q n (q- 3 / 2 + 2q~ 5 / 2 ) < 1 - 3q^/ 2 -> 1. 

□ 

4.2.4. Proof of weak mixing. To prove weak mixing of /, we shall apply Proposition 13.91 Since ()3.3|) 
holds by Lemma 14.11 estimate (|3.5|) holds by Property (P4), the sequence of decompositions r/ n — > e 
by the lemma above, it is left to verify condition (2) of Proposition 13.91 which we pass to. 

Lemma 4.6. Let I n G t] n , <3? n be as in \4-°l) - Then $ n (/ n ) is (j^->0, ^-distributed. 

Proof. By the choice of r] n , ir r (<& n (I n )) = T, and hence, 5 in the definition of (7, 5, e)-distribution can 
be taken equal to 0. 

We have seen that $ n has a lift <l? n (r, 0) = (9 + m n a, r + ip n (6)). Hence, 3> n (I n ) is contained in the 
vertical strip (I n + m n a) x T. By the lemma above, A(/ n ) < -Aj < for any I n G r] n . Hence, we 

can take 7 = . 

Our fixed I n has the form / x {r} for some r G T and I E fj n . For any J C T, the fact that 
& n (9,r) G T x J is equivalent to ip n {9) € J — r. Lemma 14.41 implies the estimate: 

SU P/ngrM Kl u , , 97T 2 1 
mf /ner, n IV'nl In U 
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Then, by Lemma 14.31 (Criterion for uniform stretch), ip n is (^, l)-uniformly stretching. Hence, for any 
interval J C T, the following holds: 

|A(J n n ^(T x J)) - X(I n )X(J)\ =|A(J n ^(J - r)) - A(/ n )A(J)| 

<-A(7 n )A(J), 
n 

and we take e = ^ in the definition of (7, 5, e)-distribution. □ 

We have shown that $ n and r\ n verify the conditions of Proposition 13.91 It implies that / is weak 
mixing. 

5. C°°-CASE ON THE TORUS, ANNULUS AND DISC 

Sections 5.1-5.4 are devoted to M = A and M = T 2 . The case of the disc B 2 is studied in Section 
5.5. 

5.1. Statement of the result. Take any < a < 1. On M = A, consider the following transforma- 
tions: 

9n{x,y) = (x+ [nq^]y, y), 

h n = gn°4>n, H n = h\ o . . . o h n , (5.1) 
fn = H n o R an+1 o H~ x ; 
where the sequence a n = p n /Qn, converging to a, and the diffeomorphisms (f> n , satisfying 

Rj_ o <f) n = <p n o Rj_ , (5.2) 

will be constructed in Section f5.2l below so that 

Theorem 5.1. For any Liouville number a, there exists a sequence a n of rationals and a sequence (j) n 
of measure preserving diffeomorphisms satisfying 45. 13)) such that the diffeomorphisms f n , constructed 
as in 15. 71) , converge in the sense of the Diff°°(M) topology, the limit diffeomorphism f = lim f n 

n—*oc 

being weak mixing and f G A a (M). Moreover, for any e > 0, the parameters can be chosen so that 

doo(f,Ra) < e. 

Remark 5.2. This result implies Theorem 11.11 Indeed, it follows directly from Theorem 15.11 that 
weak mixing diffeomorphisms are dense in A a (M). It is a general fact (see [2]) that, in this case, weak 
mixing diffeomorphisms are generic in A a {M) with our topology. 

5.2. Construction of (p n . We begin by constructing a "standard diffeomorphism" on the square 
[—1,1] x [—1,1] = [— 1, l] 2 , from which (j) n will be obtained by a rescaling of the domain of definition. 

5.2.1. Preliminary construction. For a fixed e < 1/2, consider the squares A = [— 1,1] 2 , A(e) = 
[-l + e,l-e] 2 and A(2e). 

Lemma 5.3. For any e < 1/2 there exists a smooth measure-preserving diffeomorphism ip = 99(e) of 
M. 2 , equal to the identity outside A(e) and rotating the square A(2e) by tt/2. 

Proof. Let ip = ip{e) be a smooth transformation satisfying 

f(6>,r) onR 2 -A(e), 



(0/5, r/5) on A(2e), 
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and rj be a smooth transformation, such that 

'(r,-0) on {9 2 + r 2 < 1/3}, 



(9,r) on {d 2 + r 2 > 2/3}. 



77(0,7-) 
Then the composition 

:= ■0 _1 r/'0 

provides the desired geometry. Moreover, it preserves the Lebesgue measure on the set 

U= (R 2 - A(e)) U A(2e). 

However, it does not have to preserve the area on the whole of A. We describe now a deformation 
argument following Moser [B] that provides an area-preserving diffeomorphism <p on A, coinciding with 
(p on J7. 

Let r?o denote the usual volume form on R 2 , and consider f2i := (/5*S7o- We shall find a diffeomor- 
phism v equal to the identity on the set U, and such that v*tti = Qq. 

Let Q' = Oi — f2o> an d note that fi' = d(wo — ^*^o)) where ujq is the standard 1-form \{9dr — rd9). 
Consider the volume form 

n t = n + to!. 

Since it is non-degenerate, there exists a unique vector field Xt such that 

nt(X t ,-) = (wo-0*wo)(-). (5.3) 

One can integrate the obtained vector field to get the one-parameter family of diffeomorphisms 
{ I/ t}te[o,i] 5 = Xt(vt), vq = id. Then v = v\ is the desired coordinate change. Indeed, one verifies by 
calculation that 

Hence, = fg^o = Slo- 

By an explicit verification, one obtained that <p* preserves the form loq on U (for this note that (p 
on U is an explicit linear transformation). Then on U equation (|5.3|) writes as Q,t{Xt, •) = 0. Since Vtt 
is non-degenerate, this implies that Xt = on U, hence v = uq = id on C7, as claimed. The desired 
area-preserving diffeomorphism is 

ip = u<p. 

□ 

5.2.2. Construction of <j) n . Let us first define 4> n on the fundamental domain D n = [0, l/q n ] x [0,1]. 
The line 9 = l/2q n divides D n into halves: D\ = [0, l/(2q n )\ x [0, 1] and D 2 n = (l/(2q n ), l/q n ) x [0, 1]. 
On D^, consider the affine transformation C n (9,r) = {kq n 9 — l,2r — 1), sending D\ onto the square 
A = [— 1, l] 2 . Let ip n be the diffeomorphism given by Lemma 15.31 with e = l/(3n), and set 

<fi n := C^ 1 o ip n o C n . (5.4) 

We define (j> n = Id on D 2 . Note that (f) n is smooth and area-preserving on D n , and equals identity on 
the boundary of D. We extend it periodically to the whole M 2 by the formula: 

<f> n oR±=R±o<f> n , n (0,r + l) = 0„(0,r) + (O,l). 

The transformation n , defined in this way, becomes a diffeomorphism both on T 2 and on A in a 
natural way. 
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Figure 1 . Action of <f>. 



For a fixed n, let us denote by D n j and D l n j (for i = 1,2, j € Z) the shifts of the fundamental 
domain D n of cj) n : 

D n>j+Qn = D nJ = Rj_(D n ), and D^ J+Qn = = Rj_ (-Djj. 

qn qn 

5.2.3. Notation. For a diffeomorphism F of M (not necessarily homotopic to the identity), we shall 
denote by the same letter its lift of the form: 

F(x,y) = (ax + by + f 1 (x,y),cx + dy + f 2 (x,y)), 

where fi : R 2 — > R are, in the case of the torus, Z 2 -periodic with the property ||/i||o = inf p ez + p||o; 
and for the case of the annulus, fi are Z-periodic in the first component, and such that ||/i||o = 
infpgz ||/i+p||o- Note that the difieomorphisms in our constructions are defined by their lifts, satisfying 
this property. For /c-smooth diffeomorphisms F : R 2 — > R 2 we define by Fi the i-th. coordinate function, 
and denote 

|||F||| fc := max{||I> fi[|o J \\D a {F- l )i\\ c0 \ i = 1,2, < \a\ < k}. 

5.2.4. Discussion of the properties of <p n . We have constructed 4> n so that (j) n equals identity on D^j, 
j £ Z, and on ■ the image of any interval I n j x {r}, where r G [l/(3n), 1 — l/(3n)], and 



j 1 j 1 1 
+ 7 , — + 



q n ' 6nq n ' q n ' 2q n 6nq n \ 1 

with j = 0, . . . q n — 1, both under n and 0~ , is an interval of type {9} x [l/(3n), 1 — l/(3n)] for some 
9 G I n j (see Figure QJ. 

Moreover, the following holds: 

Lemma 5.4. For all k EN £/ie diffeomorphisms (f> n constructed above satisfy: 

Un\\k < c(n,k)qt 

where c(n,k) is independent of q n . 

Proof. The desired estimate follows from (|5.4|) by the product rule (it is important that <p n is inde- 
pendent of q n ). □ 

Remark 5.5. For any n, the construction implies that (ft n (9,r) = Id in the domains < r < l/(6n) 
and 1 — l/(6n) < r < 1. It is easy to verify that in the same domains diffeomorphisms f n from (|5.1|) 
equal R an+1 ■ 
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5.3. Proof of convergence. In the proof we shall use the following lemma: 

Lemma 5.6. Let k G N, and h be a diffeomorphism of M. Then for all a,f3 G R we obtain 

d k {hR a h-\hR p h- 1 ) < C k \\ht k + + \\a - (3\, (5.6) 
where C k only depends on k, and Cq = 1. 

Proof. We give the proof for the case M = T 2 ; for the annulus, the proof is obtained by minor 
modifications. Note that D a hi for \a\ > 1 is Z 2 -periodic. Hence, for any g : R 2 -> R 2 , we have: 
sup <x,y<i \(D a hi)(g(x,y))\ < \\h\\\ a \. 

For = 0, the statement of the lemma follows directly from the Mean value theorem. 

We claim that for j with \j\ = k the partial derivative Z)j(/iji2 Q ,/i~ 1 — hiRph~ l ) will consist of a 
sum of terms with each term being the product of a single partial derivative 

(D a hi) (Rah- 1 ) - (Dahi) (Rph- 1 ) (5.7) 

with \a\ < k, and at most k partial derivatives of the form 

Dbhj 1 (5.8) 

with |6| < k. This clearly holds for k = 1. We proceed by induction. 

By the product rule we need only consider the effect of differentiating (|5.7|) and (|5.8j) . Applying D c 
with |c| = 1 to (f5~7|) wc get: 

^ ((DbDah^Rah- 1 ) - (DbDah^iRph-^Dch- 1 , 

\b\=l 

which increases the number of terms of the form (|5.8|) in the product by 1. Differentiating (|5.8f) we 
get another term of the form ()5.8|) but with |6| < k + 1. 
Now we estimate: 

||(AA)CRaO- (AAKV^HO < ||/i|||a|+l|a-/3|, 

Taking the inverse maps and applying the result we just proved gives (|5.6[) . □ 

Lemma 5.7. For an arbitrary e > 0, let k n be a growing sequence of natural numbers, such that 
Y^=i < £■ Suppose that, in construction 15.1)) . we have: |a — ai| < e and for any n 

1 , , 

| a - a TO | < , , (5.9) 



1knCk„ H r . 



"n^kn lll- fl n|llfc n +l 

where C kn are the constants from Lemma 15.61 Then the diffeomorphisms f n = H n o i? Qn+1 o -ff^ 1 
converge in the Diff°° topology to a measure preserving diffeomorphism f , and 

doo(f,R a ) < 3e. 

Moreover, the sequence of diffeomorphisms 

f n := H n oR a o H- 1 e A a (5.10) 

also converges to f in the Diff 00 topology, hence f <E J\-a ■ 

Furthermore, if for a sequence of positive integers m n we have for all n: 
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then for any m < m n we have 



do(f m J™)<^. (5.12) 



Proof. By construction we have: h n o R an = R an o h n . Hence, 

fn-i = H n -\ o R an o H n \ = H n o R an o H~ l . 
By Lemma 15.61 for all k and n, 

dkifn, fn-l) =<lk{H n o R an+1 o H~ l ,H n o i? Qn o il" 1 ) 
<Cfc||-ffn||fc+l|an+l - «n|- 

Estimating |a n +i — a n | < 2|a — a n |, and using assumption (|5.9|) . we get for any k < k n : 

d k (fn, fn-l) < d kn (fn,fn-l) < " < 7T- 

Hence, for any fixed fc, the sequence (/„) converges in Diff fc , and therefore, in DifF°°. Moreover, one 
easily computes (using the definition of the doo-metric) that 

oo 

doo(f, R a ) < |ci!-«i| +y~] doo(fn, fn-i) < 3e; 

n=l 

(here we denoted /o = R ai ). 

To prove that / G we show that the sequence of functions f n 6 .A Q converge to /. For this it 
is enough to note that, for any n and k < k n , Lemma 15.61 and assumption (j5.9ft imply: 

dkifn, fn) =dkiH n o R an+1 o H~ 1 , H n o R a o JJ~ X ) 
<C fc J|ffn||feS|an+l "«l<^-- 

To prove the third statement of the lemma, note that for any m < m n _i, 

doif™, fn-i) =doiH n o R moin+1 o H~ l ,H n o R moin o H~ v ) 
<|||i? n |||i2m|a - a n \ < —. 

oo 

Then d (/ m ,/£-i) < £ MfrJ^l) = 2^r- D 

Let a Liouville number a be fixed. Here we show that, for any given sequence fc n , the sequence of 
convergents a n of a can be chosen so that (j5.9j) holds, and for any m n _i < q n , (j5. holds. 

Lemma 5.8. Fix an increasing sequence k n of natural numbers, satisfying ^2 n= \ ^-/k n <C oo ? and let the 
constants C n be as in Lemma \5.b\ For any Liouville number a, there exists a sequence of convergents 
ot-n = Pn/ctn, such that the diffeomorphisms H n , constructed as in \5.1\) with these a n and with 4> n 
given by [5.$ , satisfy \5.y\) and h5.11\) with any m n _i < q n . Further, we can choose a n so that in 
addition \3.5\) ) holds. 
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Proof. By Lemma l5,4| we have: |||<^n|||fc < c i( n >^)Qn- Then for h n as in (|5.1|) . we get: 

I K fife < c 2 (n,k)ql k . 

With the help of the Faa di Bruno's formula (that gives an explicit equation for the n-th derivative of 
the composition), we estimate: 

I -Hn life < \\H n -i ° h n \\ k < c 3 (n,k)ql k2 , 

where c^in, k) depends on the derivatives of -ff n _i up to order k, which do not depend on q n . Suppose 
that, for each n, q n is chosen so that 

Qn > c 3 (n,n + 1). 

Then |||-Hn|||fe„+i < qn kn+1 ^ +1 < qf!~ kn+1 ^ ■ We choose the sequence of convergents of a satisfying 

/ i 1 
\a - a n \ = \a -Pn/Qn\ < 



n+lh a. „3(fe ra +l)3+l' 



2^k n C kn q 

the latter is possible since a is Liouville. Then 



\a — a n \ < 



which implies both (|5.9j) and 1)5. llj) . As for 1)3.5)) . i.e. ||Dif n _i||o < lng n , it is possible to have it just 
by choosing q n large enough. □ 

5.4. Proof of weak mixing. 

5.4.1. Choice of the mixing sequence m n . We shall assume that for all n we have: 

Qn+i > Wn 2 q n . (5.13) 

Define, as in the analytic case, 



m n = min < m < q n +i I inf 
' kez 



m qnPn ± l_ 1/2 + k 
Qn+1 



< 



Qn+1 



Let a n = (m n a n +i — mod Then the choice of m n and the growth condition 1)5.13)1 imply: 



Hence, if we use the notation 



K| < — < — \- . (5.14) 



<,=^X[0,1]C<,, 



we have 

K£ +1 (p: KI )<zDl r (5.15) 

for some f £ Z. 
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D, 



*nC0 



Figure 2. Action of <f> n 

5.4.2. Choice of the decompositions rj n . We define rj n to be the partial decomposition of M consisting 
of the horizontal intervals I n j x {r} C D\ -, where r G [l/(3n), 1 — l/(3n)], defined by (|5.5|) and of 

the intervals x {r} with r G [l/(3n), 1 — l/(3n)] and 



j 1 1 j + 1 1 

— + ^— + 



2q n 6nq n q n 6nq n 

It follows form (|5,14|) that the intervals I n j x {r} are in D^j. 

Lemma 5.9. The mapping <£ n = cf> n o R™^ +1 o transforms the atoms of the decomposition r\ n into 
vertical intervals of the form {8} x [l/(3n), 1 — l/(3n)] for some 9. 

The proof is illustrated on Figured 

Proof. Consider first an interval J n of the type I n = I n j x {r}, r G [l/(3n), 1 — l/(3n)]. By construction 
of n (see H5.2.4JI . we have that </>~ 1 (/ n ) is a vertical segment of the form {9} x [l/(3n), 1 — l/(3n)] 
for some 8 G I n j. From (|5.15j) we deduce that R^ n o cp' 1 ^) = {8'} x [l/(3n), 1 - l/(3n)] C D, 



2 



for some 9' G T and j' G Z and we conclude using that n acts as the identity on ., . 
Similarly, for r G [l/(3n), 1 — l/(3n)] and an interval / n = J n j x {r} G ., we have that 

<j> n o o 0- 1 (I n ) = n o R ™ :+i (I n ) = ^(J ftJ ., x {r}) = {(9} x [l/(3n), 1 - l/(3n)], 

for some jf' G Z and 9 G T. □ 

5.4.3. Proof of Theorem \b.l\ Let the diffeomorphisms / n be constructed as in (|5,1|) . following Lemma 
15. 71 and Lemma l5~Hl so that convergence of f n , closeness to Identity of their limit /, as well as (|3.3|) and 
(|3.5jl . hold. We want to apply Proposition l3.9l to get weak mixing. Since the sequence of decompositions 
% — > e by construction, and since it consists of intervals with length less than l/q n , to finish it is enough 
to show that for any interval I n of the decomposition rj n , and for <3? n = <^noR™" +i °</>„ , we nave: ^n(-^n) 
is (0, 2/(3n), 0)-distributed. The conditions of the definition follow immediately from the construction 
and Lemma [5.91 Indeed, the projection of <& n {I n ) to the r-axis is the interval [l/(3n),l — l/(3n)], 
hence, in the definition of (7, 5, e)-distribution (Definition 13. 6|) we can take 5 = 2/(3n). Furthermore, 
since the image of any interval I n is vertical, 7 can be taken equal to 0. Finally, the restriction of <l? n 
to /„ being affine, one verifies that for any interval J n C J n : 

A(/n$- 1 (J))A(J) = A(/)A(J). 

Hence, we take e = 0. 

We have verified the conditions of Proposition [223 This implies weak mixing of the limit diffeomor- 
phism /. □ 
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